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Problem 11) 

 Jacobian = �

𝜕𝜕𝑥𝑥 𝜕𝜕𝑟𝑟⁄ 𝜕𝜕𝑦𝑦 𝜕𝜕𝑟𝑟⁄ 𝜕𝜕𝑧𝑧 𝜕𝜕𝑟𝑟⁄

𝜕𝜕𝑥𝑥 𝜕𝜕𝜃𝜃⁄ 𝜕𝜕𝑦𝑦 𝜕𝜕𝜃𝜃⁄ 𝜕𝜕𝑧𝑧 𝜕𝜕𝜃𝜃⁄

𝜕𝜕𝑥𝑥 𝜕𝜕𝜙𝜙⁄ 𝜕𝜕𝑥𝑥 𝜕𝜕𝜙𝜙⁄ 𝜕𝜕𝑥𝑥 𝜕𝜕𝜙𝜙⁄

� = �

sin 𝜃𝜃 cos𝜙𝜙 sin 𝜃𝜃 sin𝜙𝜙 cos 𝜃𝜃

𝑟𝑟 cos 𝜃𝜃 cos𝜙𝜙 𝑟𝑟 cos 𝜃𝜃 sin𝜙𝜙 −𝑟𝑟 sin 𝜃𝜃

−𝑟𝑟 sin 𝜃𝜃 sin𝜙𝜙 𝑟𝑟 sin 𝜃𝜃 cos𝜙𝜙 0

� 

 = sin 𝜃𝜃 cos𝜙𝜙 (𝑟𝑟2 sin2 𝜃𝜃 cos𝜙𝜙) − sin 𝜃𝜃 sin𝜙𝜙 (−𝑟𝑟2 sin2 𝜃𝜃 sin𝜙𝜙) 

 + cos 𝜃𝜃 (𝑟𝑟2 sin 𝜃𝜃 cos 𝜃𝜃 cos2 𝜙𝜙 + 𝑟𝑟2 sin 𝜃𝜃 cos 𝜃𝜃 sin2 𝜙𝜙) 

 = 𝑟𝑟2 sin3 𝜃𝜃 cos2 𝜙𝜙 + 𝑟𝑟2 sin3 𝜃𝜃 sin2 𝜙𝜙 + 𝑟𝑟2 sin 𝜃𝜃 cos2 𝜃𝜃 (cos2 𝜙𝜙 + sin2 𝜙𝜙) 

 = 𝑟𝑟2 sin3 𝜃𝜃 (cos2 𝜙𝜙 + sin2 𝜙𝜙) + 𝑟𝑟2 sin 𝜃𝜃 cos2 𝜃𝜃 

 = 𝑟𝑟2 sin 𝜃𝜃 (sin2 𝜃𝜃  + cos2 𝜃𝜃) = 𝑟𝑟2 sin 𝜃𝜃. 

A volume  integral such as ∭𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧)d𝑥𝑥d𝑦𝑦d𝑧𝑧 may thus be written equivalently as follows: 

 ∭𝑓𝑓(𝑟𝑟, 𝜃𝜃, 𝜙𝜙)𝑟𝑟2 sin 𝜃𝜃 d𝑟𝑟d𝜃𝜃d𝜙𝜙. 

Note that we have used 𝑓𝑓(𝑟𝑟, 𝜃𝜃, 𝜙𝜙) for the function 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) when the arguments 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 are 
replaced with 𝑥𝑥 = 𝑟𝑟 sin 𝜃𝜃 cos𝜙𝜙, 𝑦𝑦 = 𝑟𝑟 sin 𝜃𝜃 sin𝜙𝜙, and 𝑧𝑧 = 𝑟𝑟 cos 𝜃𝜃. 
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